In this letter, we propose ultra-compact TE-polarized even-to-odd mode converter designs by introducing Ge/Si patterns into silicon waveguide-integrated functional region. The Ge areas with continuous boundaries are determined by topology optimization that combines finite element method, geometric projection method, and method of moving asymptotes. Both two-dimensional (2D) and quasi-3D designs are presented. Simultaneous beam splitting and phase shifting are achieved in the functional region with only 1.0 × 1.55 μm 2 area. Based on the 3D finite-difference time-domain simulations, the quasi-3D designs possess satisfactory mode purity (>0.99) at center wavelength 1550 nm, and the mode purity keeps higher than 0.92 within the wavelength range from 1500 to 1600 nm. Meanwhile, the forward transmission efficiency is shown higher than 0.89 within the operational bandwidth. Moreover, the robustness is demonstrated by considering the loss of Ge material and the geometric deviations. The proposed mode-order converters bring together advantages including wavelength footprint, high mode purity, low insertion loss, and large operational bandwidth.
Ultra-Compact Waveguide-Integrated TE-Mode Converters With High Mode
Purity by Designing Ge/Si Patterns
Introduction
The mode-division multiplexing (MDM) technology has attracted extensive attention for enhancing the transmission capacity of optical interconnection from an additional dimension to the wavelengthdivision multiplexing (WDM) technology [1] - [3] . Each mode inside the multimode waveguide/fiber can carry information individually, even at identical wavelength. The mode converter achieving the conversion between different eigen-modes inside the waveguide plays an indispensable role in the MDM system. Meanwhile, the on-chip applications are expected to integrate with the CMOScompatible silicon slab waveguide [4] - [6] . Consequently, the compact integrated mode converter design with characteristics including small footprint, high mode purity, low insertion loss and large operational bandwidth are still highly desirable. The photonic mode conversion can be categorized to two typical types, polarization rotation (between TE and TM) [7] - [10] and mode-order conversion (same polarization) [11] - [26] . In the last two decades, schemes and mechanisms have been proposed for the even-to-odd mode converter integrated with silicon slab waveguide, including interferometer [11] - [15] , photonic crystal [16] - [18] , metasurface [19] - [21] and topology optimization [22] - [26] . The proposed interferometer designs first split the guided light into two beams and then recombined the beams back to the multimode waveguide, while π phase shift was introduced between the two components of odd mode by different cross-section areas [11] , [14] , different lengths [12] , different refractive indices [15] and designed tapers [13] . The mode purity and transmission efficiency were perfect in such designs but the footprint usually ranged from 10 to 20 μm. The air-hole photonic crystal slabs with heterostructure [16] or deformed air holes [17] , [18] can be adopted to achieve the mode conversion within the functional region around 6 μm. The transmission efficiency was obviously reduced [16] , [18] unless the coupling region with waveguide was specially optimized [17] . Recently, the novel metasurface integrated with silicon waveguide have been demonstrated as another promising candidate [19] - [21] . By patterning metal or dielectric gradient metasurface consisting of nanorods with different lengths on the top surface of waveguide, Li et al. [19] experimentally fulfilled conversion between several waveguide modes, for example, from TE0 to TE1. Alternatively, Ohana et al. [20] , [21] adopted direct partial depth etching on silicon waveguide with patterns on transverse direction for designed graded effective index profile to achieve the metasurface-based mode converter. For both metasurface designs, the coupling length needed several wavelengths (more than 10 μm) in propagation direction and the presented mode purity had plenty room to be improved. To further reduce the device footprint and enhance the performances, compact functional regions with continuous [22] - [24] and discrete patterns [25] , [26] from topology optimization have been reported. The optimized even-to-odd mode converter were obtained by two main strategies: traditional optimization strategy with adjoint approach [23] and objective-first strategy (inverse design) [22] , [24] . In the latter strategy, the objective (mode conversion) was set prior to satisfying the underlying physics and governing equations, and the optimization was used to search solution that minimizing the physics residual [22] , [27] . Despite great efforts, the footprints of reported mode converters have not been reduced below λ 2 without degradation of mode purity and transmission efficiency [32] . Moreover, several numerically obtained designs were experimentally fabricated and the measured performances were in good consistency with 3D finite-difference time-domain (FDTD) simulations [19] , [20] , [23] , [25] , [26] , indicating that 3D FDTD is a reliable tool to design silicon waveguide-integrated devices.
In this paper, we propose TE-polarized mode-order converters by designing Ge/Si patterns inside the multimode silicon slab waveguide. The ultra-small functional region occupies an area of 1.0 × 1.55 μm 2 . By combining two-dimensional finite element method (FEM), geometric projection method (GPM) and method of moving asymptotes (MMA), the Ge/Si patterns are determined to achieve even-to-odd mode conversion with high mode purity around 1550 nm wavelength. Threedimensional simulations are performed by 3D FDTD method to validate the design and the robustness is demonstrated by introducing the loss of Ge material and the geometric deviations.
Designs
The proposed mode converter is directly integrated with a multimode silicon slab waveguide, as schematically depicted in Fig. 1(a) . The width of waveguide is set w = 1 μm to support both TEpolarized (magnetic field perpendicular to the slab) even and odd modes. The length of functional region is set as one center wavelength 1550 nm and the total length of our model is 7.55 μm. In 2D FEM, the optical fields and transmission properties are calculated by solving electromagnetic wave equation in frequency domain. Boundary mode analysis is used to generate the input mode profile, and perfectly matched layers (PMLs) are placed at the output end to avoid backward reflection. Fig. 1(b) illustrates the simulated spatial magnetic field (H z ) and forward power flux (P x ) distributions of even and odd modes in waveguide at 1550 nm wavelength, respectively. In this 2D simulation, the refractive index of silicon is set n = √ 12 and the corresponding modes are launched at the left port. The output fluxes on the output port normalized to the maximum value are plotted in Fig. 1(c) as well. For standard even mode, the single peak locates at the center of output port, while the odd mode has two peaks with same height and the valley bottom locates at the center. Throughout this paper, our major task is to achieve high-quality mode conversion between these two modes. The introduction of Ge area (material with higher refractive index) provides possibility of simultaneous beam splitting and phase shifting within the integrated functional region.
To enhance the density of optical device integration, we set the footprint of functional region as 1.0 × 1.55 μm 2 . The shapes of Ge areas are described by GPM [28] . Separated by 50 nm, the functional region is divided by 21 × 32 control points. Each control point has a height (positive or negative) which acts as variable to be determined for mode conversion. Based on the heights, a refined 101 × 156 mesh is adopted to generate a three-dimensional surface. The intersection lines of this surface with zero plane define the boundaries of Ge area, outside of which is Si. Much greater details of GPM can be found in [28] , [29] . The refractive index distribution inside functional region from GPM can be imported into the FEM model for optical simulation.
Finding proper Ge/Si patterns to achieve expected mode conversion is a complicated topology optimization task. Unlike recent objective-first/inverse design [22] , [24] , [27] , we follow a traditional strategy: starting from an initial guess, the optimized dielectric structure gradually approaches to fulfil the objective while electromagnetic wave equation is exactly hold at every step without physical residual. The MMA algorithm [30] based on gradient is adopted to search values for the optimization variables, i.e., the heights of 21 × 32 control points in GPM. Here, we use the integrals of forward power flux near output port as the objective function to approximate the targeted odd mode. As shown in Fig. 1(a) , three 1 μm long integral regions (A i = 1, 2, 3) are marked. The objective function to be maximized can be written as
where center wavelength λ = 1550 nm, and w i is the signed weight of each integral to adjust the direction of optimization. Only w 2 is negative. The reasons of choosing this objective function include: reasonable to depict the odd mode with high transmission efficiency when resorting to power flux distribution shown in Figs. 1(b) and 1(c); avoiding strong instability in forward direction if only considering the flux or field on one surface/port; ensuring stable sensitivities technically. In each iteration, 2D FEM model with imported Ge/Si patterns from GPM is used to calculate the related optical properties and sensitivities, and then based on these results, MMA [30] generates a new set of heights for the next iteration. The number of iterations is below 200 to obtain a reasonable solution. Meanwhile, tiny spots of Ge inside the functional region are suppressed to benefit the fabrication. Since the optimization is strongly affected by initial guess, it should be noted that the designs presented in this paper are not the best, but satisfactory solutions for even-to-odd mode converter with wavelength footprint.
Results and Discussion
First, we start from the simple pure 2D design, which corresponds to infinite thickness of the silicon slab waveguide. In this case, the refractive indices of Si and Ge within the operational wavelength range from 1500 nm to 1600 nm are set constant n Si = √ 12 and n G e = 4.275, respectively. The trivial material absorption of Ge is not included. Because the major principles of the compact mode converter involve beam splitting and phase shifting, we adopt two initial guesses of the Ge area, single rectangle and triangle at the bottom of functional region. The searched Ge/Si patterns of 2D designs, respectively marked as sample A and B, are illustrated in Fig. 2(a) . Two new Ge areas appear at the top compared with the initial guesses. In total, only three Ge areas exist in the functional region. As is well known, if the thickness of waveguide reduces, blue-shift of the transmission spectrum should be expected. To maintain the same operational wavelength range (1500 nm to 1600 nm) for real device integrated with 340 nm thick silicon slab waveguide [17] , [23] , the refractive indices of Si and Ge in 2D FEM simulation (noted as quasi-3D) are reduced to equivalent values n Si = 3.0 and n G e = 3.85, determined by a tedious trial and error approach. The searched Ge/Si patterns of these quasi-3D designs, consisting of only two Ge areas, are marked as sample C and D, as shown in Fig. 2(a) . With even mode imported from left port, the simulated magnetic fields (H z ) in waveguide are plotted in Fig. 2(b) at center wavelength 1550 nm. The targeted even-to-odd mode conversion can be observed in all presented designs. The transmission spectra in Fig. 2(c) confirm the low insertion loss of functional regions with Ge/Si patterns. Transmission efficiencies of all samples keep higher than 0.98 within the operational bandwidth, which indicates that optimization at only center wavelength is sufficient for the mode converter, unlike the optical diode [18] , [31] . In the rest of paper, we will focus on quasi-3D designs, i.e., sample C and D.
The functionality and performances of quasi-3D designs (sample C and D) are demonstrated in the perspective view of power flux. According to the power flux distributions at center wavelength shown in Fig. 3(a) and 3(b) , after even mode arrives at the functional region in forward direction, the single-peak power flux (even mode) is gradually divided into the two peaks. The double-peak power flux (odd mode) then leaves the functional region and remains stable in the subsequent silicon waveguide, reflecting that high-quality even-to-odd mode conversion is fulfilled. Since all materials are linear, the time-reversal symmetry should be hold. When the odd mode is imported from the right port, odd-to-even mode conversion in the backward direction is achieved as well. The output fluxes measured on the output ports are plotted for forward and backward directions, respectively. All the values are normalized to the maximum value of peak obtained at 1550 nm. At center wavelength, the shapes of output fluxes satisfactorily reproduce the shapes of standard even and odd modes. At 1500 nm and 1600 nm, unavoidable distortions can be observed. To quantitatively evaluate the quality of mode conversion, we resort to the mode purity on the output port, which is defined as the adjusted R-square between normalized power fluxes of output and standard modes (P out and P st )
where l and k are total numbers of spatial sampling point and dimension, respectively. Following this definition, η = 1 indicates perfect mode conversion. The parabola-like variations of mode purity on wavelength are illustrated at the bottom of Fig. 3 . The mode purities of forward and backward mode conversion reach 0.999 (0.998) and 0.994 (0.999) for sample C (sample D) at center wavelength, respectively. Meanwhile, the worst mode purity is 0.915 occurring at 1500 nm wavelength for backward odd-to-even mode conversion of sample C. For sample D, the mode purity keeps higher than 0.938 within the 100 nm operational bandwidth. Moreover, it should be noted that small variations of mode profile along the propagating direction can not be completely eliminated in this optimization strategy, which still needs further improvements.
To validate the functionality and performances of the quasi-3D designs (sample C and D) in real device, we build 3D models in FDTD for the silicon slab waveguide with functional region sitting on top of SiO 2 layer. The thickness of waveguide is 340 nm [18] , [23] . No cladding layer but air is assumed and the model is surrounded by PMLs. In our simulation, the monitor to collect the output light has exactly same size as the waveguide cross-section. We also perform 2D FDTD simulation as a comparison and it provides consistent results with 2D FEM. Both forward and backward transmission efficiencies of 3D model reduce to around 0.90. This reduction derives from 3D waveguide loss, not from the introduction of functional region, because the values are close to the transmission efficiencies of modes in standard silicon waveguide. The spatial distributions of output flux (sample C as an example) at 1500, 1550 and 1600 nm are plotted in Fig. 4(a) and 4(b) . Similar to the 2D case, the shapes of output fluxes reproduce well the shapes of standard even and odd modes at center wavelength, while distortions exist at the edges of the operational wavelength range. As listed in Table 1 , the mode purities on output port of forward even-to-odd mode conversion approach to 1.0 for both sample C (η = 0.999) and sample D (η = 0.996) at center wavelength, and the lowest mode purity is still higher than 0.92 within the operational bandwidth, providing a solid validation of targeted high-quality mode conversion achieved by the quasi-3D designs.
Finally, the robustness of proposed designs is demonstrated. First, we include the loss of Ge material around center wavelength 1550 nm by setting the refractive index with imaginary part n G e = 4.275−0.00567i , based on Palik data. Consequently, the transmission efficiencies reduce about 0.03 for both sample C and D, as shown in Fig. 5(a) . No degradation of odd mode output flux is observed at center wavelength. Next, we consider the geometric deviations of Ge areas, which may be inevitably induced by experimental fabrication. Two situations, i.e., expanding (noted as +10 nm) and shrinking (noted as −10 nm) 10 nm of Ge area in y-direction are introduced to 3D models. The simulation results demonstrate that both transmission efficiency and mode purity are not evidently compromised by these geometric deviations for sample C and D, as shown in Fig. 5(b) .
Conclusions
In summary, theoretical designs of TE-polarized even-to-odd mode converter integrated with silicon slab waveguide are presented. The compact functional regions occupy only 1.0 × 1.55 μm 2 , inside which simultaneous beam splitting and phase shifting are achieved by topologically designing Ge/Si patterns. 3D FDTD simulations show that the quasi-3D designs possess satisfactory mode purity (>0.99) at center wavelength 1550 nm, and the lowest mode purity remains 0.92 within the operational bandwidth. Meanwhile, forward transmission efficiency keeps higher than 0.89. The performances are not compromised when introducing the loss of Ge material and ±10 nm geometric deviations into the designs, indicating a reasonable robustness. We expect the proposed compact even-to-odd mode converter can contribute to the integrated MDM system.
